Given a regular Dirichlet form f), we prove that a measure p. is smooth iff the domain of tj + p is dense in the domain of rj with respect to the form norm. The latter condition is in turn equivalent to the convergence of rj + ap to I) as a | 0 .
Introduction and preliminaries
The study of Schrödinger operators of the form -A + p , where p is a measure, has attracted the attention of various authors in recent years; we only mention [1] [2] [3] [4] [5] [6] [7] [8] 14] .
If p is a nonnegative measure that does not charge sets of zero capacity, one can define this operator by means of quadratic forms, as we will see in § 1.
Smooth measures have turned out to be especially important, since one has an analogue for the Feynman-Kac formula for the semigroup generated by -A + p (see [9, Chapter 5; 15] , where the perturbation of a Hunt process by additive functionals has been analyzed in detail).
The main result of this note, Theorem 2.2, is a characterization of smooth measures in terms of very natural operator theoretic conditions; namely, p is smooth iff -A -l-ap converge to -A in the strong resolvent sense as a I 0.
Let us now introduce the general framework of the present article. The monograph [9] is our standard reference for the following notions. (Nevertheless, we use the notation from [10] as far as forms are concerned.) We fix a locally compact rj-compact Hausdorff space X and a Radon measure m on (X, 93) (where <8 denotes the Borel cr-algebra) such that supp m = X. We assume that a reg- We are mainly interested in the form sum x)+p that can be defined whenever p is a measure that does not charge sets of zero capacity. This will be shown in § 1 where we also give a necessary and sufficient condition for p in order that x) + p be densely defined. The main result of the second section is the fact that p is smooth if and only if the domain D(f) + p) is dense in (D, (-)-)(,), which, in turn, is equivalent to x) + ap -► f) in the strong resolvent sense for a } 0.
In particular, this answers a question in [3] and relates the regular potentials of [12, 13, 16] Even though, in general, x) + p need not be densely defined we may follow Simon [11] and define the resolvent R(E, x) + p) for each E > 0. Following the ideas of [12] , we shall now characterize those measures in ¿£o that give rise to a densely defined form x) + p . (ii) *> (iii). By [11, Theorem 3.2, p. 382f], Í) + ap -» (h|D(f) + /¿))" , where the last symbol stands for the closure of the regular part (see [11] ) of t)\D(x)+p), which simply equals the closure of h|D(r) + p). a
In our point of view, the equivalent conditions (ii) and (iii) in the above theorem are very natural. In terms of the underlying process, they can be interpreted as follows: p is not smooth iff "too many particles" are totally absorbed by p , which forces elements of D(f) + p) to vanish on some set.
To present a typical example, let us take V{x) = |xi|_1 and p = V dx in the situation of Example 2. Then D(f) + p) = Wx2(W\{0} x R""1), i.e., the limit of rj + ap as a J, 0 is the form corresponding to the Dirichlet-Laplacian on R"\{0} x R"_1 . This means that typical Brownian particles cannot pass the barrier that is given by V .
